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RF LOSSES AND PEAK FIELDS IN HELICAL RESONATORSt
J. G. POLCHINSKI, K. s. JANCAITIS and T. A. TOMBRELLO
California Institute of Technology, Pasadena, California, USA
To provide reliable estimates of the peak fields and rf losses in a helically loaded resonator, we first obtain the
basic electromagnetic fields in the cavity with a modified sheath model. Using a quasi-static, two-dimensional
analysis and a conformal transformation, the enhanced fields on the helix wire are calculated. The present calcu-
lations are an improvement on an earlier paper,l in that a mapping which more accurately represents the shape of
the helix wires is used. The results of these calculations are compared with the experimental data of Bendt, Erkkila
and Stokes.2 We find that the cooling efficiency may be improved appreciably by using wire with a noncircular
cross section.
1. INTRODUCTION
Recently, several groups have turned toward heli-
cally loaded waveguides as a means of heavy ion
acceleration. These structures are well suited to this
purpose in that they allow lower phase velocities for
smaller transverse dimensions than in a typical
Alvarez linac. Essentially, the electromagnetic fields
must propagate coupled to a disturbance traveling
along the helix wire. The phase velocity is reduced
approximately by the ratio of the length of the helix
to the length of the helix wire. Lower velocities may
be obtained by a tighter winding of the helix but
this increases the rf losses due to the prevention of
radial flux penetration.
The purpose of this paper is to investigate the
effect of finite wire dimensions on the fields and
losses, and to see how varying these dimensions may
improve the properties of the resonator. The losses
and peak fields of a cavity, with a helix wound of
wire flattened in the axial direction, discussed in
previous papers,1,2 are calculated using an im-
proved transformation that better matches the
actual shape of the wire. A further slight reduction
of the losses is calculated by using a helix of varying
pitch.
2. CALCULATION OF FIELDS
The technique for determining the fields of a )\;/2
helically-loaded resonator has been described in an
earlier paper. 3 The following is an outline of this
method.
t Supported in part by the National Science Foundation
(GP-28027).
Cylindrical coordinates are used: The z-axis is
along the axis of the resonator, with the origin at
one end plate, rand qJ are as usually defined. The
cavity is of length L'; the helix of length L < L',
placed symmetrically inside. The resonator wall is
at r = c, the helix at r = a < c. We assume a solu-
tion of the form:
Bz= n~l Sn(g;.r)Sin(~1t z} g~ = J(~~2 _K2}
with an assumed eirot time dependence. Rn and Sn
are linear combinations of /0 and Ko, with K o
omitted for r < a [e.g.) r < a, Rn = lin /O(Un r), Sn =
f3nI O(gn'r)]. The remaining field components in the
cavity may be found using Maxwell's equations.
The boundary conditions in z are automatically
satisfied by the form chosen for the fields. (N·ote
that the form chosen makes E,.(L) =0; this implies
that Er(L') i= 0 and thus represents an approxi-
mation to the z-dependence of the fields.) Extinction
of certain field components at r = c and continuity
at r =a give six boundary conditions. Four of these
link the field coefficients for r > a to those for
r <a. Manipulation of the final conditions gives
equations of the form
a;+QfJ =0, a;+Q'fJ =0.
In practice, the series and matrices are truncatedafter
ten terms, and the dispersion relation IQ- Q'I = 0
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solved to find the resonant frequency. The process
is then reversed to find the relative field coefficients
and components.
Figure 1 is a comparison for a typical resonator
of the theoretical and measured values of B2,
experimental data coming from the Los Alamos
group. 2
cm) and the frequency of the fields involved
(c/v'" 600 cm). Over a range small compared to the
radius of the helix, the fields near the helix wires
will be similar to those near a set of long, straight,
parallel wires. Thus, the problem can be treated as
two dimensional and the fields can be found by
means of a conformal transformation. The trans-
formation
3. CALCULATION OF LOSSES
dZ is~(l+}') 1
dZ1 = 2n(1+2) . ~[Zl +a 1 +}'~(Z12_1)J
·L/(z~-1)+~(z:+l)J
IBI = Idl'V I= IdWI / I dZ II·
I dZ dZ 1 dZ i
which must be integrated numerically when}' t= 0,
transforms the upper half of the z1 plane into a
region in the upper half of the Z plane between
Re(Z) = -s/2 and Re(Z) = 0 with a rounded
quarter section, centered on the origin, removed
(Figure 2). For a given y, the integration constant
and the parameters 2 and a1 are selected so that at
Zl = 1, Z= ib; at Zi = -1, Z= -d; and at Zl =
-r, Z = -s/2 where a1 =}'~(r2-1)+r. This
represents a helix wire of radial semidimension b
and axial semidimension d, and a helix of pitch s.
The parameter }' varies the shape of the removed
section to best fit the actual shape of the tubing. In
previous calculations of the losses,1,4 the trans-
formations used were equivalent to the above with
}' = O. Letting
B_ = t(BzO-Bzi), B+ = t(Bzo+Bzi) and B r = Bn
where the superscript refers to the field either just
inside or just outside the helix, the fields associated
with these components are derived from the
respective potentials4
Wi = (s/2n)B_ sin- i Zl
W2 = (s/2n)B+ sin- i [(2z1 -1 +r)/(1 +r)]
W 3 = (s/2n)Br sin- i [(2z 1 +r+ 1)/(r-l)].
The total potential is given by W = Wi ± W 2 ± W 3 ,
where the choice of sign is determined by which
quadrant of the wire is being represented by the
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The method used here is an extension of that used
by Sierk et al.4 and Laslett et al. 1 A quasi-static
situation exists due to the size of the tubing ( '" 0.5
FIGURE 1 The squares of the major B-fields are shown as
functions of z for various values of r, for a typical resonator
(a = 5.40 cm, C = 16.19 cm, L = 14.6 em, L' = 17.78 cm,
s = 1.043 cm). The point z = 0 corresponds to the center of
the cavity. The magnitude of the field is expressed in arbitrary
units. The solid curve is the experimental result; the dashed
curve is the prediction of the modified theory. The curves are
normalized such that the theoretical and experimental
maxima at r = 0 are equal.























FIGURE 2 Diagrammatic representation of the transformation used to describe the conductor contours. The
lower case values are as defined in the text; upper case letters relate points between the two planes.
at A,
Evaluating this at the surface of the conductor,
Zl =x, Ixl ~1, gives
IBll =f(x)B_, IB2 1=f(x)J(::~)B+
IB3 1= f(x) J(~::)Br
where
f(x) = [(x+a 1)2+ y2(1-x2)J1/4
. (22 +1+x - A2X)-1/2. (1 +A)j~(1 +y).
In taking the integral of the square of the surface
current (I Jd = (cj4n) /Bd) over the helix, the
spatial variation of B_, B+, and B r is such that the
cross terms vanish. Summing the integrals over the
helix of the squares of the surface current density
times the surface resistance thus gives the Joule
heating loss. Performing the integration,
S = (c2Rs)[(2na)2 +S2J1/2
x [a_ I:B~dz+a+ I:B~dz+ar I:B;dZ]
where S is the loss due to the helix, c is the speed of
light, Rs is the rf surface resistance, and
_ 1 I1 . lex) d
rx_ - 8n3 -1~[(1-x)(1+x)J x,
1 I1 .r(x)
IX+ = 8n3 _lJ[(l-x)(r+x)]dx,
__1 Il f(x) d
fir - Sn3 -l~[(l+x)(r+x)J x,
with/ex) defined as above.
4. CALCULATION OF PEAK FIELDS
The electric field near the helix wires may be found
in exactly the same way as the magnetic field was in
the preceding section,making the replacements
Bzo ~Ero, Bzi ~Eri and Br~Ez.
Then, using the same potentials, the magnitude of
the E-field is given by
with/ex) the same as in the preceding section.
Referring to Figure 3, when Er ~ Ez , the greatest
value of the field will be found at the points A and
C, corresponding to x = 1 in the mapping. For
typical helix dimensions r is very close to 1 and
evaluating /E / gives
/ I l+A 0Emax = J(l+y)Er
and
at C,


































FIGURE 4 Contours from the conformal mappings super-
imposed on the actual conductor contour for three resonators
in group 1. One quadrant is pictured: the solid curve is the
actual tubing shape, the dotted curve the shape given by the
mapping with y = 0, and the dashed curve the improved
mapping used.
improving the mapping made the prediction of the
losses worse.
The calculations have considered only the losses
on the helix, because the calculated losses on the
walls of the resonator are negligible. However, if we
assume that in each group some fixed amount of
experimental loss comes from some other source,
the ratios of the losses would change. The calcula-
tions best match the experimental measurements
when this loss is 35 per cent of the I losses on the
reference helix in group 1 and 70 per cent of the
losses on the reference helix in group 2. This is
shown as S"/S"REF in the table. This hypothesis is
made plausible by the fact that the Los Alamos
group found the absolute shunt impedance approxi-
mately 20 per cent lower in group 2 than for sinlilar
helices in group 1. 2
The enhancement factors for the peak fields are
given in Table II for a range of tubing sizes and
shapes. Tombrello et al. 3 give measured and









When Ez ~ E" the greatest E-field will be at
points B, and evaluating IE Iat x = - 1 gives:
, 1+A [ (r +1)1/2J1/2
IEmaxl = A~(1 +y) 1+y 1'-1 Ez •
When Ez and Er are comparable in magnitude,
the peak field will be at some intermediate point and
is best found by numerical means.
5. RESULTS
Losses have been calculated for various waveguide
configurations and compared to experimental loss
measurements made by Bendt et al. 2 The results are
shown in Table I. Group 1 major dimensions were:
a = 4.2 cm, C = 12.68 cm, L = 14.6 em, L' = 17.8
cm, S = 0.782 cm, fa '" 50 MHz. In group 2, major
dimensions were different for some helices: for A,
S =0.81 em, for Band C, L = 13.8 cm; all other
parameters remain the same as in group 1.
The table compares loss calculations made
previously1 (S/SREF) using the transformation of
this paper with y= 0, with losses calculated using
the transformation with y chosen so that the map-
ping would best fit the tubing shape (S' /S'REF). The
new mapping, old mapping, and actual cross
section are shown for some helices in Figure 4. The
new mapping improved the prediction of the losses
in cases where the original mapping represented the
tubing particularly poorly (e.g., helix E in both
groups). However, when the original mapping gave
the relative losses to within about 10 per cent, the
improvement was less clear-cut and in some cases
Peak magnetic fields are given by the same
expressions, replacing each E-field component with
its corresponding B-component.
FIGURE 3 Positions of peak electric fields; at A and C for
Er, at B for Ez•
LOSSES AND FIELDS IN HELIX RESONATORS 61
TABLE II
Enhancement factors for the peak electric fields are given
below. Column 1 gives the enhancement of E,. at points A
and C; column 2 gives enhancement of E z at points B, where
the points A, Band C are shown in Figure 3.
(Tubing sen1idimensions)
dis his 2
0.294 0.294 1.59 2.99
0.304 0.304 1.58 3.10
0.406 0.406 1.35 6.19
0.375 0.442 1.44 3.97
0.340 0.463 1.48 3.30
0.300 0.475 1.58 2.51
0.250 0.507 1.75 1.92
0.200 0.526 2.03 1.59
in resonators of typical dimensions. The largest
unenhanced field is Er 0 at the middle of the helix.
Here Ez is 0 and the enhancement factors in column
1 of Table II can be used directly to give the peak
E-field in the cavity. In other resonators, the
greatest E-field is a mixture of Ez and En nearer to
the end of the helix; in this case the peak field must
be found numerically as discussed in Sec. 4.
Group 1
A 0.304 0.304 1.00 1.00 1.00 1.00
B 0.200 0.526 0.98 0.92 0.97 0.98
C 0.250 0.507 0.99 1.01 1.08 1.06
D 0.300 0.475 1.13 1.17 1.24 1.17
E 0.406 0.406 1.82 2.84 2.11 1.82
Group 2
A 0.294 0.294 1.00 1.00 1.00 1.00
B 0.340 0.463 1.28 1.40 1.39 1.22
C 0.375 0.442 1.35 1.88 1.55 1.32
D 0.300 0.475 1.14 1.22 1.28 1.16
E 0.406 0.406 1.69 2.96 2.18 1.69
6. CONCLUSION
An improved method for calculating the rf losses
and peak electric fields in a helically loaded ),/2
resonator has been presented in the preceding
sections. The results are in quantitative agreement
with the experimental measurements with which it
is being compared, and the technique should be of
use in the design of short helical resonators for
linacs.
It is shown that the Joule heating losses may be
decreased slightly by deforming the helix wires as
suggested. Calculations of flow rates with water as
the coolant~ show that the intermediate deformed
tubing (C and D ofgroup 1 and B, C and D ofgroup
2) give the best ratio of capacity for coolant flow to
losses. This is likely also the case with liquid helium
as the coolant.
Regarding a further reduction of the losses, the
shape of the Br 2 field at r = 4.13 cm in Figure 1
suggests that opening up the pitch in the middle,
where the field is largest, will reduce the losses.
Calculations indicate that opening up the pitch 5
per cent at the middle of the helix and reducing it
5 per cent at the ends reduces losses by about 3 per
cent for helix A of group 1 and about 4 per cent for
helix D of group 1.
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( ZREF)hIs Z EXP SjSREF S'jS'REF S"jS"REFdis
TABLE I
Comparison of theoretical and experimental losses in helix
structures. dis and his are measures of the deformed tube;
major dimensions of the structure are given in the text.
(ZREF/Z)EXP is a measure of the relative loss determined
experimentally, referenced to the A helix in both groups.
SISREF and S'IS'REF are measures of the relative theoretical
loss, using the transformation with y = 0 and y chosen to
give the best fit, respectively. S"IS"REF uses the latter trans-
formation and assumes addi tional losses elsewhere in the
resonator, as described in the text. (This table is the same as
in Ref. 1, with the addition of the last two columns, except
for two errors made by Ref. 1 in the column for SISREF
(helices IE and 2C).)
